HL Paper 1

1+s
A point P, relative to an origin O, has position vector OP = [ 34+ 2s |, s € R.
1-—s

—
Find the minimum length of OP.

Markscheme

METHOD 1

—
‘OP‘:\/(1+s)2+(3+23)2+(1—s)2 (= Ve T 1257 11) A1

Note: Award A1 if the square of the distance is found.

EITHER

— 2
OoP

attempt to differentiate: (f—s (=12s+12) M1

—2
oP

attempting to solve f—s =0 fors (M1)
s=—-1 (A1)
OR

attempt to differentiate: ;—s

0P| (= =2 ) mr
VBT Izsi11

4=
attempting to solve - OP‘ =0 fors (M1)

s=—-1 (A1)

OR
2

—
attempt at completing the square: (’OP =6(s+ 1)2 + 5) M1

minimum value (M1)
occursats = —1 (A1)

THEN

—
the minimum length of OP is v/5 A1

METHOD 2
1
— —
the length of OP is a minimum when OP is perpendicular to 2 (R1)
-1
1+s 1
3+2s | e 2 =0 A1

1—s -1



attemptingtosolve 1 +s+6+4s—14+s=0 (6s+6=0) fors (M1)
s=—-1 (A1)

—

‘OP‘:\/E A1)

[5 marks]

Examiners report

Generally well done. But there was a significant minority who didn’t realise that they had to use calculus or completion of squares to minimise the
length. Trying random values of s gained no marks. A number of candidates wasted time showing that their answer gave a minimum rather than a

maximum value of the length.

Three distinct non-zero vectors are given by OA =a, OB =b, and OC =c¢.

If OA is perpendicular to BC and OB is perpendicular to CA , show that OC is perpendicular to AB.

Markscheme

—
BC=c-b
—

CA=a-c

=a(c-b)=0 Ml
and b-(a—c)=0 Ml
=ac=ab Al
anda-b=b-c Al
=ac=bc Ml
=bc—ac=0
cb—a)=0 Al
— —
= OC is perpendicularto AB ,asb #a. AG
[6 marks]

Examiners report

Only the better candidates were able to make significant progress with this question. Many candidates understood how to begin the question, but

did not see how to progress to the last stage. On the whole the candidates' use of notation in this question was poor.

— = —
Consider the vectors OA = a, OB = b and OC = a + b. Show that if || = |b| then (a + b)-(a — b) = 0. Comment on what this tells us about the

parallelogram OACB.



Markscheme

(a+b)y(a-b)=aa+ba—ab—-bb Ml

=aa—-bb Al

=|a|* = |b|* = 0 since |a| = |b] A1

the diagonals are perpendicular R1

Note: Accept geometric proof, awarding M1 for recognizing OACB is a rhombus, R1 for a clear indication that (a + b) and (a — b) are the

diagonals, A1 for stating that diagonals cross at right angles and A1 for “hence dot product is zero”.

Accept solutions using components in 2 or 3 dimensions.

[4 marks]

Examiners report

Many candidates found this more abstract question difficult. While there were some correct statements, they could not “show” the result that was
asked. Some treated the vectors as scalars and notation was poor, making it difficult to follow what they were trying to do. Very few candidates
realized that @ — b and a + b were the diagonals of the parallelogram which prevented them from identifying the significance of the result proved.

A number of candidates were clearly not aware of the difference between scalars and vectors.

Consider the plane with equation 4z — 2y — z = 1 and the line given by the parametric equations

r=3-—2\
y=(2k—-1)+ A
z=—-14+kA.

Given that the line is perpendicular to the plane, find
(a) the value of k;

(b) the coordinates of the point of intersection of the line and the plane.

Markscheme

4 -2
(a a=| -2 | Ltotheplane e = 1 is parallel to the line  (41)(A1)
-1 k

Note: Award A1 for each correct vector written down, even if not identified.

line L plane = e parallel to a
4 -2

since | =2 | =t| 1 | =k=3 MDAl
-1 k

(b) 4(3—2X) — 2\ — (—1 n g,\) —1  (MDAD



Note: FT their value of & as far as possible.

[8 marks]

Examiners report

Solutions to this question were often disappointing. In (a), some candidates found the value of &, incorrectly, by taking the scalar product of the
normal vector to the plane and the direction of the line. Such candidates benefitted partially from follow through in (b) but not fully because their

line turned out to be parallel to the plane and did not intersect it.

Two boats, 4 and B , move so that at time ¢ hours, their position vectors, in kilometres, are r4 = (9¢)i + (3 — 6f)j and rp = (7 — 4t)i + (7t — 6)j .

a. Find the coordinates of the common point of the paths of the two boats. [4]

b. Show that the boats do not collide. [2]

Markscheme

a. METHOD 1

9ty =7 — 4tp and

3—-6t4=—-6+Ttp MIAI

solve simultaneously

ta=3,tp=1 Al

Note: Only need to see one time for the A1.

therefore meet at (3, 1) Al

[4 marks]

METHOD 2

path of A is a straight line: y = féar: +3 MIAI

Note: Award M1 for an attempt at simultaneous equations.

path of B is a straight line: y = —%:r + 275 Al
~2z+3=-T2+ B (= 2=3)
so the common pointis (3,1) A1

[4 marks]

b. METHOD 1

boats do not collide because the two times (t A= %, tg = 1) (Al)



are different RI

[2 marks]

METHOD 2

forboat A, 9t =3 =1t = % and forboatB,7—4t=3=t=1

times are different so boats do not collide RIAG
[2 marks]

Examiners report

a. This was probably the least accessible question from section A. Most started by using the same value of ¢ in attempting to find the common
point, and so scored no marks. There were a number of very good candidates who set different parameters for ¢ and correctly obtained (3,1) .
There was slightly better understanding shown in part b), though some argued that the boats did not collide because their times were different,
yet then provided incorrect times, or even no times at all.

b. This was probably the least accessible question from section A. Most started by using the same value of # in attempting to find the common
point, and so scored no marks. There were a number of very good candidates who set different parameters for ¢ and correctly obtained (3,1) .
There was slightly better understanding shown in part b), though some argued that the boats did not collide because their times were different,

yet then provided incorrect times, or even no times at all.

— — —
O, A, B and C are distinct points such that OA = a, OB = b and OC =c.

— —
It is given that ¢ is perpendicular to AB and b is perpendicular to AC.

—
Prove that a is perpendicular to BC.

Markscheme

celb—a)=0 M1

N
Note: Allow c ¢ AB = 0 or similar for M1.
ceb=cea Al

bec—a)=0

bec=bea A1

cea—=bea M1

c—bea=0 A1

—
hence a is perpendicular to BC  AG
Note: Only award the final A7 if a dot is used throughout to indicate scalar product.
Condone any lack of specific indication that the letters represent vectors.

[5 marks]



Examiners report

This was generally poorly done. The recent syllabus change refers to ‘proof of geometrical properties using vectors’ and this is clearly a topic
candidates are not entirely clear with at the moment. Despite the question clearly being written as a vector question some students tried to use a
geometrical approach, assuming it was two-dimensional. Many did not seem to realise that vectors being perpendicular implies that their scalar

product is zero.

The points A, B, C and D have position vectors a, b, ¢ and d, relative to the origin O.

It is given that AB =DC.

The position vectors O_)A, O_'B, OC and OD are given by
a=i+2j-3k
b=3i—j+pk
c=qi+j+2k
d=-i+r-2k

where p , g and r are constants.

The point where the diagonals of ABCD intersect is denoted by M.

The plane I cuts the x, y and z axes at X, Y and Z respectively.

a.i.Explain why ABCD is a parallelogram. [1]
a.ii.Using vector algebra, show that AD = BC. [3]
b. Showthatp=1,g=1andr=4. (5]
c. Find the area of the parallelogram ABCD. [4]
d. Find the vector equation of the straight line passing through M and normal to the plane II containing ABCD. [4]
e. Find the Cartesian equation of II. [3]
f.i. Find the coordinates of X, Y and Z. [2]
f.ii. Find YZ. [2]

Markscheme

a.i.a pair of opposite sides have equal length and are parallel R71

hence ABCD is a parallelogram  AG



[1 mark]

a.iiattempt to rewrite the given information in vector form M1
b-a=c-d A1
rearrangingd —a=c-b M1

hence AD = BC AG

Note: Candidates may correctly answer part i) by answering part ii) correctly and then deducing there
are two pairs of parallel sides.

[3 marks]

b. EITHER

use of AB = DC (M1)

2 g+1
-3 =|1-7r A1A1
p+3 4

OR
use of AD = BC (M1)

-2 q—3
r—2 1| = 2 A1A1
1 2—p

THEN
attempt to compare coefficients of i, j, and k in their equation or statement to that effect M1

clear demonstration that the given values satisfy their equation A1l
p=1,q9g=1,r=4 AG

[5 marks]

c. attempt at computing AB x AD (or equivalent) M1

—11
—10 A1
—2

area = ’A_'B X A_’D) <: Jﬁ) (M1)

=15 A1l

[4 marks]

d. valid attempt to find OM = (% (a+ c)) (M1)

1
3
D) A1
1
2
the equation is
1
3 11
r=| 9 | +t| 10 | orequivalent M1A1
1 2
2
Note: Award maximum M1AOQ if 'r = ..."' (or equivalent) is not seen.

[4 marks]



e. attempt to obtain the equation of the plane in the form ax + by + cz = d M1

11x+10y +2z=25 A1A1
Note: A1 for right hand side, A7 for left hand side.
[3 marks]

f.i. putting two coordinates equal to zero  (M1)

25 5 25
X(H, 0, o), Y(O, 5,0), z(o, 0, 7) A1
[2 marks]

2 2
f.ii. — 5 25
vz =\ [(3) + (%) m

_ ﬁ(: 5+/104 _ 5\/26) A1

2 4 2

[4 marks]

Examiners report

a.i.NA]
aiilNVA
o INA
IN/A]
IN/A]
IN/A]
IN/A]
IN/A]

C.
d.
e.
f.i.
f.ii.

a. Show that the points O(0, 0, 0), A(6, 0, 0), B(6, — v/24, 1/12), C(0, — /24, 1/12) form a square.

b. Find the coordinates of M, the mid-point of [OB].

c. Show that an equation of the plane IT, containing the square OABC, is y + v/2z = 0.
d. Find a vector equation of the line L, through M, perpendicular to the plane II.
e. Find the coordinates of D, the point of intersection of the line L with the plane whose equation is y = 0.

f. Find the coordinates of E, the reflection of the point D in the plane II.

g. (i) Find the angle ODA.

(i)  State what this tells you about the solid OABCDE.

Markscheme

— = = |—
a. ‘OA{ = ’CB‘ = ’OC‘ = ‘AB‘ =6 (therefore a thombus) AIAI

Note:  Award A1 for two correct lengths, 42 for all four.

(3]
(1]
(3]
(3]
(3]

(3]

(6]



0

—_— — —_— —
Note: Award 4140 for OA =CB = [ 0 | or OC = AB = | —v/24 | ifno magnitudes are shown.
0 V12
6 0
—_— —
OAgOC=|0]g| —v24 | =0 (therefore a square) AI
0 V12

Note:  Other arguments are possible with a minimum of three conditions.

[3 marks]
NeZEiv)
M 22 ) (= (6 - VB vB))
[1 mark]
. METHOD 1
N 6 0 0 0
OAxOC=|o0]|x|-v2al|=]|-6v12 | |=| -12v3 MIAI
0 V12 —6v/24 —~12v6

Note: Candidates may use other pairs of vectors.

equation of plane is —6v 12y — 6v24z =d
any valid method showing thatd =0 M1
O:y+V2z2=0 AG

METHOD 2

equation of plane is axz + by + cz = d
substituting O to findd =0 (M1)
substituting two points (A, B, CorM) M1
eg

6a =0, —24b+V12c=0 Al
I:y+vV22=0 AG

[3 marks]
3 0

r=| —v6|+A]|1 AlAIAI
V3 NG

Note: Award A1 for r=, A1AI for two correct vectors.

[3 marks]
. Usingy =0to find A\ MI

Substitute their A into their equation from part (d) M1
D has coordinates (3, 0, 3\/5) Al

[3 marks]
. A for point E is the negative of the A for point D  (M1)

Note:  Other possible methods may be seen.



E has coordinates (3, — 26, — \/§> AlAl

Note:  Award A1 for each of the y and z coordinates.

[3 marks]
3 -3
g. —_— —
(i) DA gDO = 0 g 0 =18 MIiAl
33 -3v3
Ay 181
cosODA—\/%\/%—2 Ml

hence ODA = 60° A1
Note:  Accept method showing OAD is equilateral.
(ii)) OABCDE is a regular octahedron (accept equivalent description) 42

Note: A2 for saying it is made up of 8 equilateral triangles
Award A1 for two pyramids, A1 for equilateral triangles.

(can be either stated or shown in a sketch — but there must be clear indication the triangles are equilateral)

[6 marks]

Examiners report

IN/A]
IN/A]
IN/A]
IN/A]
IN/A]
IN/A]
IN/A]

@ ~® a0 0P

(a)  Show that the two planes

m:z+2y—z=1

Mo 1T +2=—2

are perpendicular.

(b) Find the equation of the plane 73 that passes through the origin and is perpendicular to both 7 and 7.

Markscheme

(a) for using normal vectors (M1)

1 1
2 {0 ) =1-1=0 MiA4l
-1 1

hence the two planes are perpendicular AG



(b) METHOD 1

EITHER
ik
1 2 —1|=2i-2j-2k MIiAl
10 1
OR

a

if | b | is normal to 73, then

c
a+2b—c=0anda+c=0 Ml

asolutionisa=1,b=-1,c=-1 Al

THEN

73 has equationz —y—z=d (M)

as it goes through the origin, d = 0 so w3 has equationz —y —z2=0 Al

Note: The final (M1)AI are independent of previous working.

METHOD 2
0 1 1

r=10]+s| 2 +t] 0 Al(A1)A1A1
0 -1 1

[7 marks|

Examiners report

Although many candidates were successful in answering this question, a surprising number showed difficulties in working with normal vectors. In

part (b) there were several candidates who found the cross product of the vectors but were unable to use it to write the equation of the plane.

The following system of equations represents three planes in space.

z+3y+z=-1
z+2y—22=15
2c+y—2=26

Find the coordinates of the point of intersection of the three planes.

Markscheme

EITHER

eliminating a variable, x, for example to obtainy + 3z = —16 and —5y — 32 =8 M1A1



attempting to find the value of one variable M1

point of intersection is (—1, 2, —6) A1A1A1

OR
2 1 16"
attempting row reduction of relevant matrix,eg.| 1 3 1 |-1 M1
1 2 2|15
21 -1 6"
correct matrix with two zeroes in a column,eg. |0 5 3 |-8 Al
01 3 —16,
further attempt at reduction M1
point of intersection is (—1, 2, —6) A1A1A1
Note: Allow solution expressed as ¢ = —1, y = 2, z = —6 for final A marks.

[6 marks]

Examiners report

This provided a generally easy start for many candidates. Most successful candidates obtained their answer through row reduction of a suitable

matrix. Those choosing an alternative method often made slips in their algebra.

The position vectors of the points A, B and C are a, b and c respectively, relative to an origin O. The following diagram shows the triangle ABC and

points M, R, Sand T.

A diagram not to scale

M is the midpoint of [AC].
_) 1

Ris a point on [AB] such that AR = - AB.
e 2

S'is a point on [AC] such that AS = $AC.

. . o 2
T is a point on [RS] such that RT = 3 RS.

—
a. () Express AM in terms of a and c. [4]



. ong 1 1
(i)  Hence show that BM = 5a-b+5c.

—
b. () Express RA interms of a and b.

2

; rapes 2 4
(i) Showthat RT = —5a — 5b+ jc.

c. Prove that T lies on [BM].

Markscheme

—
a. () AM=;AC (M1)

1
= i(c—a) A1

—_— — —
i) BM=BA +AM M1
=a-b+y(c—a) Af
o1 1
BM:7a7b+§C AG

[4 marks]

—
b. () RA = 3BA

= la-b) At
—
i) RT = =RS

I
SN
w| =
—
]

|
>
SN—
_|_
w|
—
o

|
]
N
N——
o
=
[0}
Q
c.
<
L
@
=)
—
b
-~
b
-~

= %(a—b) +3(c—a) A1

- =
= %BA +RT (M1)
2 2, | 4

so T lieson [BM] AG
[5 marks]

Total [14 marks]

Examiners report

R1R1

(5]

(5]



a. A fairly straightforward question for candidates confident in the use of and correct notation for relative position vectors. Sign errors were the most
common, but the majority of candidates did not gain all the reasoning marks for part (c). In particular, it was necessary to observe that not only

were two vectors parallel, but that they had a point in common.

b. A fairly straightforward question for candidates confident in the use of and correct notation for relative position vectors. Sign errors were the most
common, but the majority of candidates did not gain all the reasoning marks for part (c). In particular, it was necessary to observe that not only

were two vectors parallel, but that they had a point in common.

c. A fairly straightforward question for candidates confident in the use of and correct notation for relative position vectors. Sign errors were the most
common, but the majority of candidates did not gain all the reasoning marks for part (c). In particular, it was necessary to observe that not only

were two vectors parallel, but that they had a point in common.

1 -1
Find the values of x for which the vectors | 2cosz | and | 2sinz | are perpendicular, 0 < z < %
0 1
Markscheme
1 -1
perpendicular when | 2cosz | - | 2sinz | =0 (M)
0 1
= —1+4sinxcosx =0 Al
= sin2z =2 MI
T bw
= 2r = 5 5?

Note: Accept answers in degrees.

[5 marks|

Examiners report

Most candidates realised that the scalar product should be used to solve this problem and many obtained the equation 4 sin x cosz = 1.
Candidates who failed to see that this could be written as sin 2z = 0.5 usually made no further progress. The majority of those candidates who

used this double angle formula carried on to obtain the solution % but few candidates realised that ?—g was also a solution.

Consider the vectorsa =i — 3j — 2k, b = — 3j + 2k.

a. Finda x b. [2]

b. Hence find the Cartesian equation of the plane containing the vectors a and b, and passing through the point (1, 0, — 1). [3]



Markscheme

a. axb=—-12i—2j— 3k (M1)A1
[2 marks]

b. METHOD 1

—122 —2y—3z=d M1
~12x1-2x0-3(-1)=d (M)
=>d=-9 A1

—122 —2y—32=-9(or 122 + 2y +32=19)

METHOD 2
x ~12 1 ~12
ylel 2= 0o —2| mia1
z -3 ~1 -3

—122 —2y—32=-9 (or 12z + 2y +32=9) A1
[3 marks]

Examiners report

o INA]
b, [N/A]

The points A(1,2,1),B(-3, 1,4), C(5, —1, 2) and D(5, 3, 7) are the vertices of a tetrahedron.

— —
a. Find the vectors AB and AC. [2]
b. Find the Cartesian equation of the plane [ that contains the face ABC. 4]
Markscheme
a. — -4\ 4
AB=| -1],AC=| -3 AlAl
3 1

Note: Accept row vectors.

[2 marks]

b g J
= —
AB xAC=|-4 -1

k
3
1
1 1
normaln = | 2 sor‘(Z =
2

c+2y+22=7 Al

2 (M1)



Note: If attempt to solve by a system of equations:
Award A1 for 3 correct equations, A1 for eliminating a variable and A2 for the correct answer.

[4 marks]

Examiners report

a. Most candidates attempted this question and scored at least a few marks in (a) and (b). Part (c) was more challenging to many candidates who
were unsure how to find the required distance. Part (d) was attempted by many candidates some of whom benefited from follow through marks
due to errors in previous parts. However, many candidates failed to give the correct answer to this question due to the use of the simplified
vector found in (b) showing little understanding of the role of the magnitude of this vector. Part (¢) was poorly answered. Overall, this question
was not answered to the expected level, showing that many candidates have difficulties with vectors and are unable to answer even standard

questions on this topic.

b. Most candidates attempted this question and scored at least a few marks in (a) and (b). Part (¢c) was more challenging to many candidates who
were unsure how to find the required distance. Part (d) was attempted by many candidates some of whom benefited from follow through marks
due to errors in previous parts. However, many candidates failed to give the correct answer to this question due to the use of the simplified
vector found in (b) showing little understanding of the role of the magnitude of this vector. Part (e) was poorly answered. Overall, this question
was not answered to the expected level, showing that many candidates have difficulties with vectors and are unable to answer even standard

questions on this topic.

Consider the points A(1, 0, 0), B(2, 2, 2) and C(0, 2, 1).

A third plane II3 is defined by the Cartesian equation 16z + ay — 3z = .

) — —
a. Find the vector CA x CB. [4]
b. Find an exact value for the area of the triangle ABC. [3]
c. Show that the Cartesian equation of the plane II;, containing the triangle ABC, is 2z + 3y — 4z = 2. [3]
d. A second plane II; is defined by the Cartesian equation Il : 4z — y — z = 4. L is the line of intersection of the planes II; and II,. [5]

Find a vector equation for L.

e. Find the value of « if all three planes contain L. [3]

f. Find conditions on « and 3 if the plane II3 does not intersect with L. [2]

Markscheme



.=
CA=| 2| @
-1
R 2
cB=|o0| @y

N L A
CAxCB=|1 -2 -1 M1)
2 0 1
-2
-3 Al
4
[4 marks]
. METHOD 1

1
2

— —
CAxCB‘ (M1)

L (34 (4D
V29

=2 a1
METHOD 2
attempt to apply %\CA\ |CB|sinC (M1)
CA.CB = +/5.4/6¢cosC = cosC = % =sinC = % (Al)
area = @ Al
[3 marks]
. METHOD 1
-2 1 -2
r.l]-3]=10]e| -3 MIAI
4 0 4

= —2x—-3y+4z2=-2 Al
=2x+3y—4z2=2 AG
METHOD 2

—2r—3y+4z=d

substituting a point in the plane  MIAI
d=-2 A4l

= 2z —-3y+4z=-2
=2x+3y—4z2=2 AG

Note:  Accept verification that all 3 vertices of the triangle lie on the given plane.

[3 marks]
. METHOD 1
i ] k -7
2 3 —4|=|-14 MIAI
4 -1 -1 —14
1
n=|2



z2=0=y=0,z=1 (MI)(A])

1 1
L]_:I': 0 +)\ 2 AI
0

Note: Do not award the final A1 if r = is not seen.

METHOD 2
eliminate 1 of the variables, egx M1
—Ty+72=0 (Al

introduce a parameter M1

=z =),

y=Az=1+3 (Al
1 1

r=|0]|+A| 2| orequivalent Al
0 2

Note: Do not award the final A1 if r = is not seen.

METHOD 3

z=t MI

write x and y in terms of ¢t = 4z — y =4 + ¢, 2z + 3y = 2 + 4¢ or equivalent
attempt to eliminate x ory M1

z, y, zexpressed in parameters

=z=1,

y=t,z=1+% Al
1 1

r=|0|+t]| 2 | orequivalent Al
0 2

Note: Do not award the final A7 if r = is not seen.

[5 marks]
. METHOD 1

direction of the line is perpendicular to the normal of the plane
16 1
a |e|2]| =0 MiAl

-3 2
164+2a—-6=0=a=-5 Al
METHOD 2

solving line/plane simultaneously
16(1+A)+2aX—6A=8 MIiAl
164+ (10 +2a)A = p

=a=-5 Al

METHOD 3

2 3 -4

4 -1 -1{=0 MI
16 o -3

23+ a) —3(-12+16) —4(4da+16) =0 Al
=a=-5 Al
METHOD 4

Al



attempt to use row reduction on augmented matrix =~ M1
2 3 —4 2

toobtain | 0 —1 1 0 Al
0 0 a+5|8—16

=a=-5 Al

[3 marks]

. a=-5 Al

B#16 Al
[2 marks]

Examiners report

a. Part a) proved an easy start, though a few (weaker) candidates still believe C—A> to be &; - O_A>

b. Part b) was an easy 3 marks and incorrect answers were rare.

c. Part ¢) was answered well, though reasoning sometimes seemed sparse, especially given that this was a ‘show that’ question.

d. Part d) proved more challenging, despite being a very standard question. Many candidates gained only 2 marks, either through correctly
calculating the direction vector, or by successfully eliminating one of the variables. A number of clear fully correct solutions were seen, though
the absence of ‘r =’ is still prevalent, and candidates might be reminded of the correct form for the vector equation of a line.

e. Part e) proved a puzzle for most, though an attempt to use row reduction on an augmented matrix seemed to be the choice way for most
successful candidates.

f. Only the very best were able to demonstrate a complete understanding of intersecting planes and thus answer part f) correctly.

Consider the triangle ABC'. The points P, () and R are the midpoints of the line segments [AB], [BC] and [AC] respectively.

— — —
Let OA =q,0B =band OC =c.

—
a. Find BR in terms of a, b and c. [2]
b. () Find a vector equation of the line that passes through B and R in terms of a, b and ¢ and a parameter . [9]

(i)  Find a vector equation of the line that passes through A and @ in terms of a, b and ¢ and a parameter y.

—
(i) Hence show that OG = %(a + b+ ¢) given that G is the point where [BR] and [AQ)] intersect.

c. Show that the line segment [C'P] also includes the point G. [3]



d. The coordinates of the points A, Band C are (1, 3, 1), (3, 7, —5) and (2, 2, 1) respectively.

A point X is such that [G X] is perpendicular to the plane ABC.
Given that the tetrahedron ABCX has volume 12 units®, find possible coordinates

of X.

Markscheme
— — — — —
a. BR = BA + AR < BA + %AC) (M1)

:(a—b)—|—%(c—a)
=za-b+3c Al

[2 marks]

b. () mR=b+AGu—b+§Q (:%a+u—Aw+§Q A1A1

Note: Award A1AOQ if the r = is omitted in an otherwise correct expression/equation.

Do not penalise such an omission more than once.

—
i) AQ=—a+3b+3c (A1)

raq :a+u<—a+ %b—l— %c) (: (1-—pa+ %b—&- %c) At
Note: Accept the use of the same parameter in (i) and (ii).

— —
(i)  when AQ and BP intersect we will have rgg =Tpq  (M1)
Note: If the same parameters are used for both equations, award at most MTM1AOAOM1.

A A Iz Iz
Fa+(1=Ab+ Sc=(1—-pla+ 5b+ 3¢

attempt to equate the coefficients of the vectors a, bandc¢ M1
A

7=1-n

1-x=1% (A1)

| >

el
2

)\zéor,uzé A1

substituting parameters back into one of the equations M1

—
G:

o%a—{—(l—%)b—i—%o%c:é(a—i—b—i—c) AG

| =

Note: Accept solution by verification.

[9 marks]

—>_1 1
€. CP =5a+35b—c (M1)A1

0]



so we have thatrcp = ¢+ 8 (%a + %b — c) and when 8 = % the line passes through

the point G (ie, with position vector %(a +b+¢c) R1

hence [AQ)], [BR] and [CP] all intersectin G~ AG

[3 marks]
d. —s 1 3 2 2
OG=x| 3]+ 7 |+]|2]]|=| 4| a
1 ) 1 -1

Note: This independent mark for the vector may be awarded wherever the vector is calculated.

N 2 1 —6
AB x AC = 4 x| -1]1=1| -6 M1A1
—6 0 —6
_) 1
GX=a| 1l (M1)
1

volume of Tetrahedron given by % x Area ABC x GX
11
—3\2

Note: Accept alternative methods, for example the use of a scalar triple product.

—  —
AB x ACD x GX =12 (M1)(A1)

= %\/(—6)2 +(—6)° + (-6’ x Vol ra? T a2 =12 (A1)
= £6v3lalv3 =12

=|a|=4 A1

Note: Condone absence of absolute value.

2 4
this gives us the position of X as 4 + 1| 4
-1 4

X(6, 8, 3)or(—2,0, —5) At

Note: Award A1 for either result.
[9 marks]

Total [23 marks]

Examiners report

IN/A]
" IN/A]
_' IN/A]
q. INA]



Consider the lines [; and l» defined by

-3 1
li:r=| -2]|+8| 4] andl;: 6? :y%zzl—zwhereaisaconstant.
a 2

Given that the lines [; and [, intersect at a point P,

a. find the value of a;

b. determine the coordinates of the point of intersection P.

Markscheme
a. METHOD 1
-3 1 z=-3+p
Lhor=|-2]|=8|4]={y=-2+43 M1
a 2 z=a+28
6—(—3+8) (—2+4p)—2 43
3 = 7 =4=5=p=3 MIA1
w:l—(a+2ﬂ):>2:—5—a:>a:—7 At
METHOD 2
—3+8=06—3x
2448 =4\+2 M1
a+28=1-X

attempt to solve M1
A=26=3 A1
a=1-X—-28=-7 At

[4 marks]
b. — -3 1
OP=| -2 ]|+3e| 4 (M1)
-7 2
0
=1 10 A1
-1
-.P(0, 10, — 1)
[2 marks]

Examiners report

a. [N/A]
b. [N/A]

Consider the plane IT;, parallel to both lines L; and Ls. Point C lies in the plane IT;.

[4]

2]



3 k
The line L3 has vector equationr = | 0 | + A | 1

1 -1
The plane I, has Cartesian equation  + y = 12.
The angle between the line Lz and the plane II, is 60°.

a. Given the points A(1, 0, 4), B(2, 3, —1) and C(0, 1, —2), find the vector equation of the line L; passing through the points A and B.

. . . - 2 -
b. The line L, has Cartesian equation le = % = 2721.

Show that L; and L, are skew lines.

c¢. Find the Cartesian equation of the plane II;.

d. (i) Find the value of k.

(i)  Find the point of intersection P of the line Ly and the plane II,.

Markscheme

a. — — -1
direction vector AB = 3 orBA =] -3 Al
-5 5
1 1 2 1
r=|0]|+t| 3 Jorr= 3 | +t| 3 | orequivalent AI
4 -5 -1 -5

Note: Do not award final A7 unless ‘r = K’ (or equivalent) seen.

Allow FT on direction vector for final 41.

[2 marks]

b. both lines expressed in parametric form:

Ly:

r=1+1

y=3t

z=4->5t

L,:

z=1+3s
y=-2+s MIAI
z=-2s+1

Notes: Award M1 for an attempt to convert L, from Cartesian to parametric form.
Award A1 for correct parametric equations for L; and L.

Allow M1A1 at this stage if same parameter is used in both lines.

attempt to solve simultaneously for x and y: M1

1+t=1+43s
dt=—-2+s

_ 3 _ 1
t——z,s—_z Al

substituting both values back into z values respectively gives z = %

3 .
and z = 5s0a contradiction RI

therefore L1 and L4 are skew lines AG

2]

(5]

4]

[7]



[5 marks]

c. finding the cross product:
1 3
3 | x| 1 M1)
-5 -2
=—i—13j -8k Al

Note: Accepti +13j + 8k

—1(0) — 13(1) — 8(-2) =3 M1)
= —x — 13y — 82 = 3 or equivalent AI
[4 marks]

d' L))
i (cos():)fl—0

(1) VIEEF 1+ 1x /151

Note: Award M1 for an attempt to use angle between two vectors formula.

V3 bt

2 T\ 2(k+2)

obtaining the quadratic equation
4k+1)2=6(k*+2) Ml

k2 —-4k+4=0
(k—2)2=0
k=2 Al

Note: Award MIAOMIAQ if cos 60° is used (k = 0 or k = —4).

3 2
G r=|o]+x[ 1
1 -1

substituting into the equation of the plane II5:
3+22+A=12 Ml

A=3 Al
point P has the coordinates:
9,3,-2) Al
9
Notes: Accept9i +3j —2kand | 3
-2

Do not allow FT if two values found for £.

[7 marks]

Examiners report

o INA
b, [N/A]
.. INA
q. VAl



Given any two non-zero vectors a and b , show that |a x b|> = |a|*|b|* - (a - b)2.

Markscheme
METHOD 1

Use of |a x b| = |a||b|sin6 (MI)
la x b|* = |a|*|b|’sin%0  (41)

Note: Only one of the first two marks can be implied.

= |a|’|b|*(1 — cos?0) Al
= |af*b]* - |al*[b[*cos®0 (A1)
= |a*b]* - (|a||b|cos8)° (A1)

Note: Only one of the above two 41 marks can be implied.

=la’|b]*~ (a- b} Al

Hence LHS=RHS AG NO

[6 marks]

METHOD 2

Use of a - b= |a||b|cos@ (MI)

lal*6]> - (a - )% = |a|*b]> — (|a||b|cos6)*  (AI)
= |a*b* - |a*|[* cos?6  (4D)

Note: Only one of the above two A1 marks can be implied.

= |a]’|b]* (1 — cos?0) Al

= |a|’|b|’sin®0 A1

=lax b Al

Hence LHS=RHS AG NO

Notes: Candidates who independently correctly simplify both sides and show that LHS = RHS should be awarded full marks.

If the candidate starts off with expression that they are trying to prove and concludes that sin?0 = (1 — cos?6) award MIAIAIAIAOAO.

If the candidate uses two general 3D vectors and explicitly finds the expressions correctly award full marks. Use of 2D vectors gains a maximum
of 2 marks.

If two specific vectors are used no marks are gained.

[6 marks]



Examiners report

Those candidates who chose to use the trigonometric version of Pythagoras’ Theorem were generally successful, although a minority were

unconvincing in their reasoning. Some candidates adopted a full component approach, but often seemed to lose track of what they were trying to

prove. A few candidates used 2-dimensional vectors or specific rather than general vectors.

The points A and B are given by A(0, 3, —6) and B(6, — 5, 11).

The plane [T is defined by the equation 4z — 3y + 2z = 20.

a. Find a vector equation of the line L passing through the points A and B.

b. Find the coordinates of the point of intersection of the line L with the plane /1.

Markscheme

a. — 6
AB = | -8 (A1)
17
0 6 6 6
r=| 3 |+A|l -8)orr=| 5] +A| -8 M1A1
—6 17 11 17

Note: Award M1AQO if r = is not seen (or equivalent).

[3 marks]

b. substitute line L in IT : 4(6A) — 3(3 — 8X) +2(—6 + 17A) =20 M1

82\ = 41
1
0 6 3
r=| 3 |+3|-8]=]"1
-6 17 2

3

Note: Accept coordinate expressed as position vector -1

| ot

[3 marks]

(3]

(3]



Examiners report

a0 INVA]
b, IN/A

The three vectors a, b and c are given by

2y 4z 4
a=\| -3z |,b = y ,c =\ —-7| wherez,y e R.
2z 3—x 6

(a) Ifa+2b—c=0, find the value of x and of y.

(b) Find the exact value of |a + 2b|.

Markscheme

(a) 2y+8x=4 Ml

—3r+2y=-7 Al
2c+6—-2x =6
Note: Award M1 for attempt at components, A1 for two correct equations.

No penalty for not checking the third equation.

solving:x=1,y=-2 Al

—4 4
() Ja+2b=|| -3 | +2| -2
2 2

4

=|| -7

6

= |a+2b] = /82 + (-7)> + 62 (M)

=+/101 Al

[5 marks]

Examiners report

The majority of candidates understood what was required in part (a) of this question and gained the correct answer. Most candidates were able to

do part (b) but few realised that they did not have to calculate | + 2b| as this is |c¢|. Many candidates lost time on this question.



The diagram below shows a circle with centre O. The points A, B, C lie on the circumference of the circle and [AC] is a diameter.

— —
Let OA =aand OB =b.

. . H ﬁ .
a. Write down expressions for AB and CB in terms of the vectors @ and b . [2]
b. Hence prove that angle ABC is a right angle. [3]

Markscheme
—
a AB=b—-a Al
—
CB=a+b Al
[2 marks]
— —
b. AB-CB =(b—a)-(b+a) Ml
=|b]* —[a]* a1
= Osince |b| = |a| RI

Note: Only award the 41 and R1 if working indicates that they understand that they are working with vectors.

— — .
so AB is perpendicular to CB i.e. ABC is aright angle AG
[3 marks]

Examiners report

a. This question was poorly done with most candidates having difficulties in using appropriate notation which made unclear the distinction
between scalars and vectors. A few candidates scored at least one of the marks in (a) but most candidates had problems in setting up the proof

required in (b) with many using a circular argument which resulted in a very poor performance in this part.



b. This question was poorly done with most candidates having difficulties in using appropriate notation which made unclear the distinction

between scalars and vectors. A few candidates scored at least one of the marks in (a) but most candidates had problems in setting up the proof

required in (b) with many using a circular argument which resulted in a very poor performance in this part.

Two planes have equations

IILi: dze4+y+z=8andIly: 42 +3y—2=0

Let L be the line of intersection of the two planes.
B is the point on II; with coordinates (a, b, 1).
The point P lies on L and ABP = 45°.

a. Find the cosine of the angle between the two planes in the form \/g where p, q € Z.

-1
(i) Show that L has direction 2
2

(i)  Show that the point A (1, 0, 4) lies on both planes.

(i)  Write down a vector equation of L.

—>
C. Given the vector AB is perpendicular to L find the value of a and the value of b.
d. Show that AB = 3v/2.

e. Find the coordinates of the two possible positions of P.

Markscheme

a. Note: Throughout the question condone vectors written horizontally.

angle between planes is equal to the angles between the normal to the planes  (M1)

4 4
1]e]| 3 =18 (A1)
1 -1

let A be the angle between the normal to the planes
18 [18 . 324 9
cosf = N (or equivalent, for example \/ 165 °F 4/ ﬁ) M1A1
[4 marks]
b. Note: Throughout the question condone vectors written horizontally.

() METHOD 1

(4]

[6]

[5]

(1]

(5]



X 3 = 8 M1A1
-1 8
-1
which is a multiple of 2 R1AG
2
—4 -1 —4 -1
Note: Allow any equivalent wording or 8 =4 2 |, do not allow 8 = 2
8 2 8 2
METHOD 2
let z = ¢ (or equivalent)
solve simultaneously to get M1
y=t—4,z=3-0.5t A1
—0.5
hence direction vector is 1
1
-1
which is a multiple of 2 R1AG
2
METHOD 3
4 -1
1]e 2 =—44+2+2=0 M1A1
1 2
4 -1
3 . 2 =—44+46—-2=0 A1
-1 2

Note: If only one scalar product is found award MOAOAO.
@ I,:4+0+4=8andll,: 4+0—-4=0 R1

1 -1
i)y r=10]+x[ 2 A1A1
4 2

Note: A7 for “r =" and a correct point on the line, A1 for a parameter and a correct direction vector.

[6 marks]

. Note: Throughout the question condone vectors written horizontally.

. a 1 a—1
AB=\|bv]|—-10]= b (A1)
-3

4
a—1 -1
b ° 2 =0 M1
-3 2

a -1
Note: Award MOfor | b | e 2 =0.
1

—a+1+20—6=0=a—2b=-5 A1



liesonIl; so4a+b+1=8=>4a+b=7 M1
a=1,b=3 A1
[5 marks]

d. Note: Throughout the question condone vectors written horizontally.

AB =4/0%+3%+(-3)° =3v2 MIAG

[1 mark]

e. Note: Throughout the question condone vectors written horizontally.
METHOD 1
‘E‘ = ‘ﬁ‘ =3v2 (M1)

— -1
AP =t 2 (A1)
2

13t = 3v2 =t = +v/2 (M1)A1
P (1—\/5, 2v2, 4+2\/§) and <1+\/§, — 23, 4—2\/5) A1
[5 marks]

METHOD 2
let P have coordinates (1 — A, 2X, 4 +2X) M1

— 0 — —A
BA—|_3|, BP=|2r_3]| a1
3 3+ 2\
— —
cos45°:% M1

Note: Award M1 even if AB rather than BA is used in the scalar product.

— —

BA ¢BP =18
1 18

V2 VIBVIONTFIB

A=+v/2 A1
P(lf\/i, 2ﬁ,4+2ﬁ)and(1+ﬁ, —2\/5,472\/5) A1

Note: Accept answers given as position vectors.

[5 marks]

Examiners report

a. This was successfully done, though some candidates lost marks unnecessarily by not giving the answer in the form requested in the question.

b. (b)()) A variety of techniques were successfully used here. A common error was not to justify why the vector obtained from the vector product was

in the same direction as the one given in the question.

(b)(ii) and (i) These were well done, though too many candidates still lose a mark unnecessarily by writing the vector equation of a line as [ =
rather than r =.



c. Weaker candidates found the rest of this question more difficult. Though most obtained one equation for a and b they did not take note of the fact

that it was also on the given plane, which gave the second equation.

d. This was done successfully by the majority of candidates. Candidates need to be aware that the notation AB means the length of the line segment

joining the points A and B (as in the course guide).

e. This proved to be a difficult question for most candidates. Those who were successful were equally split between the two approaches given in the

markscheme.

— = —
In the following diagram, OA = a, OB = b. C is the midpoint of [OA] and OF =

IH
FB.

e = =

It is given also that AD = AAF and CD = uCB, where A, p € R.

—
a.i.Find, in terms of a and b OF .

—
a.iFind, interms ofaand b AF'.

—
b.i.Find an expression for OD in terms of a, b and J;

—
b.iiFind an expression for OD in terms of a, b and p.

c. Show that p = %3 and find the value of .

—
d. Deduce an expression for CD in terms of a and b only.

e. Given that area AOAB = k(area ACAD), find the value of k.

Markscheme
P 1

ai.OF = 7b A1
[1 mark]

— — —
aii.,AF = OF — OA (M1)

(1]

[2]

2]

2]

[4]

2]

(5]



1
=~-b-a A1
[2 marks]
gl 1 _ A
b.i.OD =a +A <7b - a) (_ (I1-XNa+ 7b) M1A1
[2 marks]

b.ii.O—D>= L a-+tu (—%a—l—b) (: (%—;)a—l—ub) M1A1

vl

[2 marks]

C. equating coefficients: M1
Ao 1-a=2E A1
7= =Tz

solving simultaneously: M1

7 1
A=, p=1; AIAG

[4 marks]
— ==
d. CD = 1—BCB

= %(b— %a) (: — e+ %b) M1A1
[2 marks]

e. METHOD 1

area AACD = 1CD x AC x sinACB  (M1)

area AACB = 1CB x AC x sinACB  (M1)

areaAACD _ CD _ 1

area AACB ~ CB ~ 13 A1

ratio

_ areaAOAB __ 13
" area ACAD ~ area ACAB x area AOAB (M1)

=13x2=26 A1

METHOD 2

area AOAB = %|a x bl At

= = = —

area ACAD = 5 CA xCD or 5 CA xAD} M1
1)1 1 1

= 5’5ax <7%a+ ﬁbﬂ

= %‘%ax (—%a) —|—%a>< %b‘ (M1)

:%x%x%|axb| <:5—12|a><b|) A1
area AOAB = k(area ACAD)

3la x bl =kzla x bl

k=26 A1

[5 marks]

Examiners report

IN/A]



aiilNVAl
b.i. VA
b.il /A
o INA
4 INA]

o [NA

The vertices of a triangle ABC have coordinates given by A(—1, 2, 3), B(4, 1, 1) and C(3, -2, 2).

a. (i) Find the lengths of the sides of the triangle. (6]

(i)  Find cos BAC.
— —
b. (i) Show that BC x CA = —7i— 3j— 16k. [5]

(i) Hence, show that the area of the triangle ABC is %\/ 314.

c¢. Find the Cartesian equation of the plane containing the triangle ABC. [3]

d. Find a vector equation of (AB). [2]
. . H . . H . . .

e. The point D on (AB) is such that OD is perpendicular to BC where O is the origin. (3]

(i) Find the coordinates of D.
(ii))  Show that D does not lie between A and B.

Markscheme
— =
a. i) AB = OB — OA = 5i—j— 2k (or in column vector form) (41)

Note: Award A1 if any one of the vectors, or its negative, representing the sides of the triangle is seen.

—
AB = |5i—j - 2kl= /30

—

BC = |-i-3j+ k=11

—

CA =|4i+4j+k=+/33 A2

Note: Award A1 for two correct and A0 for one correct.

(i) METHOD 1
20+4+2

cos BAC = eV

MIAI

Note: Award M1 for an attempt at the use of the scalar product for two vectors representing the sides AB and AC, or their negatives, A1 for the

correct computation using their vectors.

2 (_ 26)
T Vo \ 3/

Note: Candidates who use the modulus need to justify it — the angle is not stated in the question to be acute.

METHOD 2



using the cosine rule

3043311
cosBAC = eV MIiAl
_ % (_ _26
© V990 (_ wm) Al
[6 marks]

L— — L J
BCxCA=|-1 -3 1| Al

-4 4 1

=((=3) x 1 —1x4)i+(1x (—4) — (=1) x 1)j+ ((—=1) x 4 — (=3) x (—4))k MIAI
=—7i-3j—16k AG

. )
(i) the area of AABC = 5

—  —
BCxCA’ M1)

LJED 4 (37 4 (-16)° A
= 3V31d AG

[5 marks]
. attempt at the use of “(r —a)-n=0" (MI)

—

usingr=xi+yj+zk,a=0Aandn=-7i-3j— 16k (Al)

Te+3y+ 162 =47 Al

Note: Candidates who adopt a 2-parameter approach should be awarded, 41 for correct 2-parameter equations for x, y and z; M1 for a serious

attempt at elimination of the parameters; 41 for the final Cartesian equation.

[3 marks]
— =
. r=0A + tAB (or equivalent) M1

r=(-i+2j+3k) +t(5i—j—2k) Al

Note: Award M1A40 if “r =" is missing.
Note: Accept forms of the equation starting with B or with the direction reversed.
[2 marks]

—
. (i) OD = (—i+2j+3k)+t5i—j—2k)

— —
statement that OD - BC =0 (M)

—1+5¢ -1
2t | =3 | =0 41
3—-2t 1

—2—4t=0ort=—3 Al

coordinates of D are (—;, %, 4) Al

l

Note: Different forms of OD give different values of z, but the same final answer.

(ii)) t< 0= Disnotbetween Aand B RI



[5 marks]

Examiners report

a. Many candidates confidently tackled most of this many-part question. Part (b)(i) As the answer was given, candidates were required to show
they really knew how to work out a vector product in detail, not just by writing down a 3x3 determinant and then the final answer. Part (d) A
few candidates failed to realise that the equation of a line is an equation not simply an expression. Part (e) A significant number of candidates
did not realise that they could use their result for part (d).

b. Many candidates confidently tackled most of this many-part question. Part (b)(i) As the answer was given, candidates were required to show
they really knew how to work out a vector product in detail, not just by writing down a 3x3 determinant and then the final answer. Part (d) A
few candidates failed to realise that the equation of a line is an equation not simply an expression. Part (e) A significant number of candidates
did not realise that they could use their result for part (d).

¢. Many candidates confidently tackled most of this many-part question. Part (b)(i) As the answer was given, candidates were required to show
they really knew how to work out a vector product in detail, not just by writing down a 3x3 determinant and then the final answer. Part (d) A
few candidates failed to realise that the equation of a line is an equation not simply an expression. Part (¢) A significant number of candidates
did not realise that they could use their result for part (d).

d. Many candidates confidently tackled most of this many-part question. Part (b)(i) As the answer was given, candidates were required to show
they really knew how to work out a vector product in detail, not just by writing down a 3x3 determinant and then the final answer. Part (d) A
few candidates failed to realise that the equation of a line is an equation not simply an expression. Part (e) A significant number of candidates
did not realise that they could use their result for part (d).

e. Many candidates confidently tackled most of this many-part question. Part (b)(i) As the answer was given, candidates were required to show
they really knew how to work out a vector product in detail, not just by writing down a 3x3 determinant and then the final answer. Part (d) A
few candidates failed to realise that the equation of a line is an equation not simply an expression. Part (e) A significant number of candidates

did not realise that they could use their result for part (d).

r—

> :gzzflwherep,qGR.

A line L has equation
A plane IT has equation x + y + 3z = 9.

Consider the different case where the acute angle between L and IT is 6

. 1
h = — .
where 0 arcsm( m)

a. Show that L is not perpendicular to II. [3]

b. Given that L lies in the plane II, find the value of p and the value of q. [4]



c. () Showthatp = —2. [11]

(i) If Lintersects Il at z = —1, find the value of gq.

Markscheme
a. EITHER
1 P
n=\|1]andd=| 2 A1A1
3

andn#kd R1
OR

-5
nxd=|3p—-1 M1A1

2-p

the vector product is non-zeroforp € R R1
THEN
L is not perpendicularto IT AG

[3 marks]
b. METHOD 1

2+pA)+(@+20)+3(1+X)=9 M1
(g+5)+(+5A=9 (A1)
p=-—-bandg=4 A1A1

METHOD 2

direction vector of line is perpendicular to plane, so

D 1
21e|l 1] =0 M1
1 3

p=-5 Al

(2, g, 1) is common to both L and II

2 1

either | ¢ | ® | 1 | = 9orbysubstitutingintox +y+3z2=9 M1
1 3

q=4 A1

[4 marks]

c. () METHOD {1

«a is the acute angle between n and L
ifsind = —— th =L (a1
if sin Nisi en cos a Nesi (M1)(A1)

attempting to use cos @ = 2L or sina = 222

— M1
In|d] [nld]

p+5 1

VITx /P15 - Vv
(p+5)?=p*+5 M1

A1A1



10p = —20 (or equivalent) A1
p=—-2 AG
METHOD 2

a is the angle between n and L

VIO

S | . _
if sin@ = Wit then sin a Wisi (M1)A1
. . [nxd|
attemptingtouse sina = ——-~ M1
n[|d]
(=5)"+(3p-1)"+(2-p)°
/ SO g

VITx\/p*+5 VIi
pPP—p+3=p>+5 M1
—p + 3 = 5 (or equivalent) At
p=-—-2 AG
i) p=-2andz=-1=22=Y2__9 (a3
r=6andy=q—4 (A1)
this satisfies [Iso6 +¢—4—-3=9 M1
q=10 A1

[11 marks]

Examiners report

p
a.
Parts (a) and (b) were often well done, though a small number of candidates were clearly puzzled when trying to demonstrate | 1 | # k| 2 |,
3 1
with some scripts seen involving needlessly convoluted arguments.
b. p
Parts (a) and (b) were often well done, though a small number of candidates were clearly puzzled when trying to demonstrate | 1 | # k| 2 |,
3 1

with some scripts seen involving needlessly convoluted arguments.

c. Part (c) often proved problematic, as some candidates unsurprisingly used the sine (or cosine) of an incorrect angle, and few consequent marks
were then available. Some good clear solutions were seen, occasionally complete with diagrams in the cases of the thoughtful candidates who

were able to ‘work through’ the question rather than just apply a standard vector result.

a. For non-zero vectors a and b, show that [8]

(i) if|a — b| = |a + b|, then a and b are perpendicular;
(i) |axb*=af’b* - (a-b).

b. The points A, B and C have position vectors a, b and c. [7]
(i) Show that the area of triangle ABC is %|a xb+bxec+exal

(i) Hence, show that the shortest distance from B to AC is



laxb+bxe+exa

lc—al

Markscheme

a () |a—bl=la+bl
=(a—b)-(a—b)=(a+b)-(a+b) M)
=la®—2a-b+ b’ =la’+2a-b+ b’ Al
=4a-b=0=a-b=0 A4l
therefore @ and b are perpendicular  RI

Note: Allow use of 2-d components.

Note: Do not condone sloppy vector notation, so we must see something to the effect that |c|2 = ¢ - cis clearly being used for the M1.

Note: Allow a correct geometric argument, for example that the diagonals of a parallelogram have the same length only if it is a rectangle.

(i) |a x b’ = (|la||b|sin6)’ = |a|’|b|’sin®0 MI1AI

>~ lal’|b]” — |a|’|b]’cos?0 M1

lal*[8]* — (a- b)
= |a,|2|b|2 (1 —cos?d) Al

= |a|*|b)? (sin®6)

= laxb*=|a)’b]’ - (a-b)? AG

[8 marks]

b. (i) area of triangle = é

— —
ABxAC’ (M1)

=3l(b—a) x (c—a)| Al
:%\bxc+bx—a+—axc+—ax—a\ Al
bx—a=axbcxa=—axc,—ax—a=0 Ml

hence, area of triangle is %|a xb+bxec+exal AG

(i) D is the foot of the perpendicular from B to AC

. ===
area of triangle ABC = 7|AC ‘BD‘ Al
therefore
= = —
Lac|[B ‘:EABXAC Mi
— —

— ‘ABXAC

hence, BD‘ =——— Al
e

_ |a><b+‘ll:ricl‘+c><a\ AG

[7 marks]



Examiners report

a. (i) The majority of candidates were very sloppy in their use of vector notation. Some candidates used Cartesian coordinates, which was
acceptable. Part (ii) was well done.

b. Part (i) was usually well started, but not completed satisfactorily. Many candidates understood the geometry involved in this part.

Consider the points A(1, —1, 4), B (2, — 2, 5) and O(0, 0, 0).

— —
(a) Calculate the cosine of the angle between OA and AB.
(b) Find a vector equation of the line L; which passes through A and B.
The line L has equation r = 2i + 4j + 7k + t(2i + j + 3k), where t € R .
(c) Show that the lines L; and Ly intersect and find the coordinates of their point of intersection.

(d) Find the Cartesian equation of the plane which contains both the line Ly and the point A.

Markscheme

— —

(a) Useofcosf = %'LB M1)
‘OAHAB‘

—
AB=i—j+k Al

— —

‘AB’ = +/3 and ‘OA‘ =3v2 Al

— —

OA-AB =6 Al

substituting gives cos = % (: %) or equivalent M1 NI
[5 marks]

— - .

(b) L;:r=0A + sAB orequivalent (MI)
Li:r=i—j+4k+s(i—j+k) orequivalent Al

Note: Award (M1)A0 for omitting “ r =" in the final answer.

[2 marks]

(¢) Equating components and forming equations involving s and ¢t (M1)
l+s=2+42t,-1—-s=4+¢,4+5=7+3¢

Having two of the above three equations A1A41

Attempting to solve forsort (M1)

Finding eithers =—3 ort=-2 Al

Explicitly showing that these values satisfy the third equation RI

Point of intersection is (—2,2,1) Al NI

Note: Position vector is not acceptable for final A41.

[7 marks|

(d) METHOD 1

1 2 -3
r=|-1])+x|{1|+nl| 3 (Al)
4 3 -3

r=14+22-3u,y=—-14+A+3pandz=4+3X—3u MIAl
Elimination of the parameters ~ M1

z+y=3xsod(z+y)=12 andy+2z=4A+3s03(y+2) =12A+9
3y+z)=4(zx+y)+9 Al



Cartesian equation of plane is 4x + y — 3z = -9 (or equivalent) 41 NI

[6 marks]

METHOD 2

EITHER

The point (2, 4, 7) lies on the plane.

The vector joining (2, 4, 7) and (1, —1, 4) and 2i + j + 3k are parallel to the plane. So they are perpendicular to the normal to the plane.
(i—j+4k)—Ri+4j+Tk)=—i—-5 -3k (Al)

i j k
n=|-1 -5 -3 M1

2 1 3
=—12i—3j+ 9k or equivalent parallel vector A1
OR
L; and Ly intersect at D(-2, 2, 1)

i 7 k
n=|2 1 -3| Ml

-3 3 -3

=—12i—3j+ 9k or equivalent parallel vector A1
THEN
rn={—j+4k)-(—-12i—3j+9%) MI
=27 Al
Cartesian equation of plane is 4x + y =3z = -9 (or equivalent) A1 NI
[6 marks]
Total [20 marks]

Examiners report

Most candidates scored reasonably well on this question. The most common errors were: Using OB rather than AB in (a); omitting the » = in (b);
failure to check that the values of the two parameters satisfied the third equation in (c¢); the use of an incorrect vector in (d). Even when (d) was

correctly answered, there was usually little evidence of why a specific vector had been used.

— —
ABCD is a parallelogram, where AB =—i + 2j + 3k and AD = 4i —j - 2k.

a. Find the area of the parallelogram ABCD. [3]

b. By using a suitable scalar product of two vectors, determine whether ABC is acute or obtuse. [4]

Markscheme

— —
a. AB x AD = —i+10j-7k M1A1

— — ————s
area = |AB xAD{ =12 +10°+ 72

— 56 (m) A1

[3 marks]



b. METHOD 1

— —
ABeAD=-4-2-6 MI1A1
=—-12

considering the sign of the answer

— — R
AB e AD < 0, therefore angle DAB is obtuse M1

(as it is a parallelogram), ABC is acute A1
[4 marks]

METHOD 2

— =
BAeBC=+4+2+6 M1A1

= 12 considering the sign of the answer M1

— = .
BA ¢BC > 0= ABCisacute A1

[4 marks]

Examiners report

o INA]
b, [N/A]

The points A, B, C have position vectors i +j + 2k , i + 2j + 3k , 3i + k respectively and lie in the plane 7 .
(a) Find

(i) the area of the triangle ABC,;

(i1)  the shortest distance from C to the line AB;

(i)  the cartesian equation of the plane 7 .

The line L passes through the origin and is normal to the plane 7, it intersects 7 at the

point D.

(b) Find

(i) the coordinates of the point D;

(i)  the distance of 7 from the origin.

Markscheme

(@ (i) METHOD 1

— 1 1

AB=b-a=|2]|-11]=11 (A1)
3 2

N 3 1 2

AC=c—a=|0]-|1]=1] =1 (A1)
1 2 —1



i § k
— —
ABxAC=|0 1 1 Ml
2 -1 -1
—i-1+1)—j0-2)+k(0-2) (4D
—2j-2k Al
AreaoftriangleABC}}:%|2j—2k\= %\/g (=+/2) sq.units MIAI

Note: Allow FT on final A1.

METHOD 2
|AB| =2, |BC|=+12, |AC| =+6 AlAlAl
Using cosine rule, e.g. on ¢ M1

6+12-2 _ 2v2
N Al

. Area AABC = %ab sinC Ml
= %\/ﬁ\/gsin@rccos 23£)
=3V2 sin(arccos %) (z \/§> Al

Note: Allow FT on final A1.

cosC =

(i) AB=+v2 Al
V2 = LABx h= % 2 x h , h equals the shortest distance  (M1)

-2

=h=2 Al

(i) METHOD 1

(\pi\ hasformr-| 2 | =d (MI)
—2

Since (1, 1, 2) is on the plane

1 0
d=|1]-1 2 =2—-4=-2 MIAI
2 -2
0
2

Hence r - =-2
-2

2y—2z=-2(ory—z=-1) Al

METHOD 2
1 0 2
r=1|+x[1]+p| -1 M1)
2 1 -1

z=14+2p (1)
y=14+A—pn (i)
z=24+A—p (i) Al

Note: Award A1 for all three correct, A0 otherwise.



From (i) p = z2;1

substitute in (i) y = 1 4+ A — (xgl)

:>>\:y—1+(ZT71)

substitute A and p in (iii)) M1

= z=2+y—1+ (’”T‘l) - (’”%)
>y—z=-1 Al

[14 marks]

(b) (i) The equation of OD is
r=AX| 2 |,lorr=A| 1 Ml

This meets m where
20+2=-1 M1

1

Coordinates of D are (0, -1 i) Al

(ii) ‘0_15‘ - \/0+ (—%)2 + (%)2 =1

[6 marks]
Total [20 marks]

Examiners report

It was disappointing to see that a number of candidates did not appear to be well prepared for this question and made no progress at all. There
were a number of schools where no candidate made any appreciable progress with the question. A good number of students, however, were
successful with part (a) (i). A good number of candidates were also successful with part a (ii) but few realised that the shortest distance was the
height of the triangle. Candidates used a variety of methods to answer (a) (iii) but again a reasonable number of correct answers were seen.

Candidates also had a reasonable degree of success with part (b), with a respectable number of correct answers seen.

(MDAl

Consider the points A(1, 2, 3), B(1, 0, 5) and C(2, —1, 4).

—r =
a. Find AB x AC.

b. Hence find the area of the triangle ABC.

Markscheme



A 1 1 0\ _, 2 1 1
AB=|o|-[2]|=[-—2].AC=|-1|-[2]=(-3] 4141

5 3 2 4 3 1

Note: Award the above marks if the components are seen in the line below.

BN Tt g 4

ABxAC=|0 -2 2|=]|2 M1)Al
1 -3 1 2

[4 marks]

1
b. area = 5

— —
(ABXAC)‘ (M1)

S VR IR LN (: \/6) Al
Note: Award M0AQ for attempts that do not involve the answer to (a).

[2 marks]

Examiners report

a. Candidates showed a good understanding of the vector techniques required in this question.

b. Candidates showed a good understanding of the vector techniques required in this question.

— —
In the diagram below, [AB] is a diameter of the circle with centre O. Point C is on the circumference of the circle. Let OB = band OC =c¢.

C
A * B
O
. . ﬁ H .
a. Find an expression for CB and for AC in terms of band c . 2]
b. Hence prove that ACB is a right angle. [3]

Markscheme

— —
a. CB=b—-c,AC=b+c AlAl

Note: Condone absence of vector notation in (a).
[2 marks]



— —
b. AC-CB =(b+c¢)(b—c) Ml

= b~ |e[* A1
=0since |b| =|c|] RI
Note: Only award the A1 and R1 if working indicates that they understand that they are working with vectors.

— — .
so AC is perpendicular to CB i.e. ACB is aright angle AG
[3 marks]

Examiners report

a. Most candidates were able to find the expressions for the two vectors although a number were not able to do this. Most then tried to use
Pythagoras’ theorem and confused scalars and vectors. There were few correct responses to the second part. Candidates did not seem to be able
to use the algebra of vectors comfortably.

b. Most candidates were able to find the expressions for the two vectors although a number were not able to do this. Most then tried to use
Pythagoras’ theorem and confused scalars and vectors. There were few correct responses to the second part. Candidates did not seem to be able

to use the algebra of vectors comfortably.

Find the coordinates of the point of intersection of the planes defined by the equationsz +y+2=3, t —y+z2z=5andz + y + 2z = 6.

Markscheme

METHOD 1

for eliminating one variable from two equations  (M1)

(x+y+2=3)
€9, 2r+2z=28 A1A1
20 +3z2=11

for finding correctly one coordinate

(x+y+2=23)
eg, | (2z+2z=28) A1
z=3

for finding correctly the other two coordinates A1
x=1
=>qy=-1
z=3
the intersection point has coordinates (1, — 1, 3)
METHOD 2
for eliminating two variables from two equations or using row reduction  (M1)
(x+y+2=23) 11 113
eg, s —2=2 or|{ 0 —2 0]2 A1A1
z=3 0 0 113



for finding correctly the other coordinates A1A1

rz=1 1 0 01
=y=-lor|0 1 0(-1

(z = 3) 00 1|3
the intersection point has coordinates (1, — 1, 3)
METHOD 3
1 1 1
1 -1 1{=-2 (A1)
1 1 2

attempt to use Cramer’srule M1

3 1 1
5 -1 1
6 1 2 -2
T = — =—==1 A1
1 3 1
1 5 1
1 6 2 2
1 1
1 -1 5
1 1 6 6
zZ = 5 —7—2—3 A1l

Note: Award M1 only if candidate attempts to determine at least one of the variables using this method.

[5 marks]

Examiners report

IN/A]

The following figure shows a square based pyramid with vertices at O(0, 0, 0), A(1, 0, 0), B(1, 1, 0), C(0, 1, 0) and D(0, 0, 1).

The Cartesian equation of the plane II,, passing through the points B,Cand D ,isy + z = 1.



The plane IT3 passes through O and is normal to the line BD.

II3 cuts AD and BD at the points P and Q respectively.

a. Find the Cartesian equation of the plane II;, passing through the points A , B and D.

b. Find the angle between the faces ABD and BCD.

c. Find the Cartesian equation of II3.

d. Show that P is the midpoint of AD.

e. Find the area of the triangle OPQ.

Markscheme
a. recognising normal to plane or attempting to find cross product of two vectors lying in the plane
~ . 0 -1 1
forexample, AB x AD= | 1 | x 0]=1]0 (A1)
0 1 1
IIi:z+2=1 A1
[3 marks]
b. EITHER
1 0
0)e|l1]=1=v2vV2cos0 M1A1
1 1
OR
1 0
x| 1]|=v3=+v2V2sin6 M1A1
1 1

Note: M1 is for an attempt to find the scalar or vector product of the two normal vectors.

— 0= 60° (: g) A1

angle between faces is 20° (: —) A1

[4 marks]
c. . 1 . -1
"DB=| 1 |orBD=| -1 (A1)

-1 1
Oy:z+y—2z=%k (M1)
II3:x4+y—2=0 A1

[3 marks]
d. METHOD 1

0 1
lineAD:r=){ O ) +A[| O M1A1
1 -1

(M1)

(3]

(4]

(3]

[4]

(5]



intersects Il when A — (1 —X) =0 M1

so)\:% A1

hence P is the midpoint of AD AG

METHOD 2

midpoint of AD is (0.5, 0, 0.5)  (M1)A1
substitute intox +y —2=0 M1
05+05-05=0 A1

hence P is the midpoint of AD AG

[4 marks]

e. METHOD 1

A A
, OPQ=90°, OQP =60° A1A1A1

_ L
area—m—ll—\/g—lz A1
METHOD 2
1 -1
lineBD:(r =) 1 | + A | —1
0 1
=>A=2 (A1)
1
3
oo=| 1| a1
3
2
3

1
2
OP=1]0 | Af
1
2

Note: This A7 is dependent on M1.
V3

area = 4 A1

[5 marks]

Examiners report

IN/A]
" IN/A]
" IN/A]
IN/A]
" IN/A]

® O O T o



— —
PQRS is a rhombus. Given that PQ = a and QR = b,

— —
(a) express the vectors PR and QS in terms of @ and b;

(b) hence show that the diagonals in a thombus intersect at right angles.

Markscheme

—
(a PR=a+b Al
—

QS=b—-a Al

[2 marks]

— =
() PR-QS—(a+h)-(b—a) MI
= |b]> — |a|* Al
for arhombus |a| = || RI
hence |b|2 - \a|2 =0 Al

Note: Do not award the final A1 unless R1 is awarded.

hence the diagonals intersect at right angles AG
[4 marks|

Total [6 marks]

Examiners report

IN/A]

The vectors a , b , c satisfy the equationa +b+c=0.Show thata x b=b xc=cx a.

Markscheme

taking cross products with @, M1

ax(@a+b+c)=ax0=0 Al

using the algebraic properties of vectors and the fact thata x a=0, M1
axb+taxc=0 Al

axb=cxa AG

taking cross products with b, M1

bx((a+b+c)=0

bxa+tbxc=0 Al

axb=bxc AG



this completes the proof

[6 marks]

Examiners report

[N/A]

a. Consider the vectors a = 6i + 3j + 2k, b = —3j + 4k. [11]
(i) Find the cosine of the angle between vectors a and b.
(i) Finda x b.
(iii) Hence find the Cartesian equation of the plane [] containing the vectors a and b and passing through the point (1, 1, —1).

(iv)  The plane ] intersects the x-y plane in the line /. Find the area of the finite triangular region enclosed by /, the x-axis and the y-axis.

b. Given two vectors p and ¢, 8]

(i) show that p-p = @|2;
(ii) hence, or otherwise, show that [p + q|2 = [p|2 +2p-q + |q\2;

(iii)  deduce that |p +¢q| < |p| + |q|.

Markscheme
a. (i) useofab=|a||b|cosd (MI)

ab=-1 (AD)
la| =7, [b|=5 (A1)

1

cosf = —a Al

(i1)  the required cross product is

i j k
6 3 2|=18i-24j-18k MIAI
0 -3 4

(iii)  using r-n = p-n the equation of the plane is  (M1)

18z — 24y —182=12 3z —4y—3z2=2) Al

(iv) recognizing thatz=0 (M1)

x-intercept = %, y-intercept = f% (A1)

w3 () (3) -+

[11 marks]



b. i) p-p=|pllp|cos0O MIAl

(ii))  consider the LHS, and use of result from part (i)
p+a’=@+a-p+tq Ml
=pprtpqtqptqq (Al

=pp+2pqtqq Al

=lp/* +2p-q +1g" 4G

(iii) EITHER
use of p-q < |pllg| M1

2 2 2 2 2
s00< |p+ql"=Ip|"+2p-q+lqI" <I|p|"+2|pllgl +|q|” A1
take square root (of these positive quantities) to establish 41
ptal<lpl+lql AG
OR

rt+q q MIMI

p

Note: Award M1 for correct diagram and M1 for correct labelling of vectors including arrows.

since the sum of any two sides of a triangle is greater than the third side,
pl+1gl>Ip+ql Al

when p and ¢ are collinear |p| + |q| = |p + ¢q|

= lprql<lpl+lqgl AG

[8 marks]

Examiners report

a. This was the most accessible question in section B for the candidates. The majority of candidates produced partially correct answers to part (a),
with nearly all candidates being able to use the scalar and vector product. Candidates found part (iv) harder and often did not appreciate the
significance of letting z = 0. Candidates clearly found part (b) harder and again this was a point where candidates lost time. Many candidates
attempted this using components, which was fine in part (i), fine, but time consuming in part (ii), and extremely complicated in part (iii). A

number of candidates lost marks because they were careless in showing their working in part (ii) which required them to “show that”.



b. This was the most accessible question in section B for the candidates. The majority of candidates produced partially correct answers to part (a),
with nearly all candidates being able to use the scalar and vector product. Candidates found part (iv) harder and often did not appreciate the
significance of letting z = 0. Candidates clearly found part (b) harder and again this was a point where candidates lost time. Many candidates
attempted this using components, which was fine in part (i), fine, but time consuming in part (ii), and extremely complicated in part (iii). A

number of candidates lost marks because they were careless in showing their working in part (ii) which required them to “show that”.

z—1 g+l z—2

2 1 1

(a) Show that a Cartesian equation of the line, l1, containing points A(1, —1, 2) and B(3, 0, 3) has the form

. . - -2 - . . . .
(b)  An equation of a second line, I3, has the form zl L. yT = 213 . Show that the lines I; and [y intersect, and find the coordinates of their

point of intersection.
(¢) Given that direction vectors of I, and I, are d; and d, respectively, determine d; X ds.
(d) Show that a Cartesian equation of the plane, [], that contains l; and I is —z — y + 3z = 6.
(e) Find a vector equation of the line I3 which is perpendicular to the plane [ ] and passes through the point T(3, 1, —4).
() (1) Find the point of intersection of the line I3 and the plane [].
(i)  Find the coordinates of T’, the reflection of the point T in the plane [].

—
(iiiy Hence find the magnitude of the vector TT".

Markscheme

N 2 N -2
(a) identifies a direction vectore.g. AB =] 1 | orBA=| -1 Al
1 -1
identifies the point (1,-1,2) Al
. z—1 y+1 z—2
line {7 : 5 = 1T = 3 AG
[2 marks]
1 2 1 1
b r=|-1]+Ar[1 r=|2|+unl2
2 1 3 1

1+20=14p, —1+A=24+2u,24+1X=3+pu Ml
equating two of the three equations gives A = —land p = —2 AIAI
check in the third equation

satisfies third equation therefore the lines intersect RI1

therefore coordinates of intersection are (-1, -2, 1) Al

[5 marks]

() di=2i+j+kdy=i+2j+k Al

i j k
dyxdy=1|2 1 1|=-i—j+3k MIlAl
1 2 1

Note: Accept scalar multiples of above vectors.

[3 marks]



(d) equationofplaneis —x —y+3z2=%k MIAI
contains (1,2,3) (or (-1, —2, )or (1, —1,2)) ~k=-1-2+3%x3=6 Al
—rz—y+32=6 AG

[3 marks]
-1
(e) direction vector of the perpendicular line is | —1 M1
3
3 -1
r= 1 +m| -1 Al
—4 3
Note: Award A0 if r omitted.
[2 marks]
() () find point where line meets plane
—B3-m)-(1-m)+3(—4+3m)=6 MI
m=2 Al
point of intersection is (1, -1,2) A1
(i) forT!.m=4 (Ml
soT =(-1,-3,8) Al
—
(i) TT = \/(3 +1)°+(1+3)° +(—4—-8)° M1

=176 (=4v11) Al
[7 marks]

Total [22 marks]

Examiners report

This question was done very well by many students. The common errors were using the same variable for line 2 and in stating the vectors in b)
were not parallel and therefore the lines did intersect. Many students did not check the solution in order to establish this.
When required to give the equation of the line in €) many did not state it as an equation, let alone a vector equation.

The difference between position vectors and coordinates was not clear on many papers.

In f) many used inefficient techniques that were time consuming to find the point of reflection.

The acute angle between the vectors 3i — 4j — 5k and 5i - 4j + 3k is denoted by 6.

Find cos 6.



Markscheme

(3i—4j—5k)e(5i—4j-+3k)
€08 0 = s 4N (M1)

16
" V5050

Note: A1 for correct numerator and A7 for correct denominator.

A1A1

8 16
—5(=%-032) a1

[4 marks]

Examiners report

[N/A]

Let a be the angle between the unit vectors @ and b, where 0 < o < .

(a) Express |a — b| and |a + b in terms of a.

(b) Hence determine the value of cos a for which |a + b| =3 |a — b|.

Markscheme

METHOD 1

(@ |a—b|= \/|a|2 +16)* — 2]al [b|cosac M1
=42 —2cosa Al

ja+ 8 = /lal” + [b” — 2a| o cos(r — a)
=2+ 2cosa Al

Note: Accept the use of a, b for |al, |b|.

(b) =+2+2cosa=3v2—2cosa Ml
cosa:% Al

METHOD 2

(@) la-b|=2sin3 MIAl

|a+b|:25in<g—%> =2cos 5 Al

Note: Accept the use of a, b for |a |, |b|.

(b) 2005% = ﬁsin%

a_1 20 _ 9
tan 5 = 3 = cos*S = 5 Ml
cosa = 2cos’§ — :% Al
[5 marks]

Examiners report



To solve this problem, candidates had to know either that (a + b)(a + b) = |a + b|2 or that the diagonals of a parallelogram whose sides are @ and b
represent the vectors @ + b and a — b. It was clear from the scripts that many candidates were unaware of either result and were therefore unable to

make any progress in this question.

A triangle has vertices A(1, -1, 1), B(1, 1, 0) and C(-1, 1, -1) .

Show that the area of the triangle is \/6 .

Markscheme

METHOD 1

for finding two of the following three vectors (or their negatives)

. 0\ -2\ _, -2
AB=| 2 |,AC=[ 2 |.BC=1] 0 (A1)(A1)
-1 —2 ~1

and calculating

EITHER

SN i j k -2

ABxAC=|0 2 -1|= 2 M1A1
-2 2 =2 4
= —

area AABC = 3|AB x AC} M1

OR

SN i j k 2

BAXxBC =0 -2 1 |=1-2 M1A1
-2 0 -1 —4
= =

area AABC = 5 BA x BC} M1

OR

N i 7 k -2

CAxCB=|2 -2 2|= 2 M1A1
2 0
= =

area AABC = 5 CA x CB} M1

THEN

area AABC = g A1

=+v6 AG NO

METHOD 2

for finding two of the following three vectors (or their negatives)

N 0 N -2 N -2

AB = 2 |,AC = 2 |,BC = 0 (A1)(A1)
-1 -2 -1



EITHER

—
A

B
—
AB

&l

cos A =

&l

- _6 _ 6 <Or L)
VEVIZ 60 VAL

sin A = \/g A1

=2
area AABC = 5 AB‘ ’AC sinA M1
SVENE
1
=124 a1
=+v6 AG NO
OR
— —
cos B = E'}E M1
{BAHBc‘
_ 1 _ 1
VBVE B
sin B = ;—g <0r \/TQ_> At
===
area AABC = 1 BA‘ ’BC snB M1
1 24
:5\/3\/3 2%
= 3V24 A1
=46 AG NO
OR
CA.CB
cosC === M1
‘CAHCB‘

=75 = 7 (" 7%)

sinC = \/g At

==
area AABC = 5 CA‘ ’CB sinC M1

= JVI2VEy/2
= V24 A1
=+v6 AG NO

METHOD 3

for finding two of the following three vectors (or their negatives)

_ 0 . -2\ _, -2
AB=| 2 |,AC=]| 2 |,BC=1] 0 (A1)(A1)
-1 -2 -1

AB=+v5=¢c,AC=+v12=2V/3=b,BC=+v/5=a M1A1
s:w:\/ﬁ_i_\/g M1

area AABC = /s(s —a)(s — b)(s — c)




=/ (V3 +VB)(V3)(VE — v3)(v3)

=4/3(6—-3) A1
=+6 AG NO
METHOD 4

for finding two of the following three vectors (or their negatives)

. 0\ -2\ _, —2
AB=| 2 |, Ac=| 2 |.BC=]| 0 (A1)(A1)
-1 -2 -1

AB=BC=+v5and AC =12 =2V3 M1A1

AABC is isosceles

A M C

let M be the midpoint of [AC] , the height BM = /5 — 3 = V2 M1

area AABC = 2\@;\/5 A1

=v6 AG NO
[6 marks]

Examiners report

This question was answered fairly well by most candidates using a diversity of approaches.



